Abstract: Radially polarized orbital angular momentum (OAM) beams could be applied in optical manipulation and optical microscopy. An integrated OAM beam emitter with radially polarized radiation is proposed on shallow-ridge silicon microring with azimuthally distributed gratings etched on top of the ring waveguide. Two key structural parameters, the number of grating elements, and the dimension of each grating element are optimized by considering both the OAM order purity ðC p Þ and the total radiation efficiency ð all Þ. With elaborate design, C p ¼ $98%, all ¼ $49% are achieved by simulations, and the calculated energy ratio between the far-field radially and azimuthally polarized component is more than 11 dB, which indicates that the radially polarized component is predominant in the radiated electromagnetic field.
Introduction
Light beams with helical phase fronts and spiral flow of electromagnetic energy have attracted much interest since they could carry orbital angular momentum (OAM) [1] - [3] . OAM beam could be applied in optical tweezers and spanners [4] - [6] , optical microscopy [7] , [8] , quantum and wireless communications [9] - [11] , etc. Conventionally, the OAM beam could be generated through some bulk optical components such as holograms [12] , [13] , spiral phase plates [14] . In recent two years, integrated OAM beam emitters are considered to take advantage of compactness, reliability and potential to be applied in photonic integrated circuit (PIC) [15] - [17] . In [16] , an OAM beam emitter based on a silicon microring and azimuthally distributed gratings is proposed and demonstrated. Such an OAM beam emitter is considered to be applied in integrated OAM switches or modulators and micromanipulation of particles [16] . In our previous work [17] , an integrated OAM beam emitter based on ring cavity and download waveguides (each including an arc-shaped section next to the ring and gratings near the ring's center) is proposed as encoder for wireless optical interconnects on silicon chip. For the application of optical communication, the polarization of the emitted beam is not a critical factor. But considering the applications of optical manipulation and microscopy, it is desired to generate radially polarized light beams. Since a light beam with radial polarization can be focused to a spot size that is dramatically smaller than that with linear polarization, the longitudinal electric field component oscillates at the incident beam frequency and exists only near the focus [18] - [20] . Thus, it can be applied to guide or trap particles [21] , [22] and increase the resolution in optical microscopy [23] . If radially polarized OAM beams could be generated on a chip, the advantages of OAM beam and radial polarization as well as photonic integration could be obtained for optical manipulation and microscopy. However, in both [16] and [17] , the generated OAM beams are predominantly azimuthally polarized.
In this work, a radially polarized OAM beam emitter based on shallow-ridge silicon microring is proposed. Azimuthally distributed gratings are adopted to generate OAM beam and each grating element is a hole etched on top of the waveguide to scatter radially polarized light. A simple dipole model, which is similar to that used in [24] , is applied to calculate the emitted electromagnetic field. The number ðqÞ of grating elements and the radius ðr Þ of the grating element are optimized by considering both the OAM order purity ðC p Þ and the total radiation efficiency ð all Þ. With the optimized parameters of q ¼ 270 and r ¼ 50 nm, the cross-coupling coefficient is calculated as 0.87 and finally, C p ¼ $98%, all ¼ $49% are achieved by simulations. Moreover, the calculated energy ratio between the far-field radially and azimuthally polarized component is more than 11 dB.
Scheme and Principle
It has been demonstrated that the whispering gallery modes (WGMs) of a ring cavity can carry high order OAM [25] . By introducing some azimuthally distributed gratings or download waveguides, the confined WGMs in the ring cavity can be extracted into radiative mode and OAM beam is generated in succession [16] , [17] . In [16] , the fundamental mode with quasi-transverse electric (TE) polarization in the silicon waveguide is used to excite quasi-TE WGM mode in the ring cavity. Fig. 1(a) is the schematic of a silicon microring cavity with the same dimension as [16] . The radius of the ring is 3.9 m, the width and height of waveguide are 500 nm and 220 nm, respectively. The silicon waveguide is surrounded by silica and the calculated effective index is around 2.5. Fig. 1(b) shows the cross section of the ring waveguide in which the directions of the azimuthal electric field E ' and radial electric field E are indicated. Fig. 1(c) shows the calculated electric field distribution of the cross section, which is obtained by three-dimensional finite difference time domain (3D-FDTD) method. The wavelength is 1550 nm, which is one of resonant peaks for the calculated microring. It can be seen that the electric field on the sidewall and on top of the waveguide are dominant with azimuthal and radial polarization, respectively. Thus, as shown in [16] , the scattered light beam would be predominantly in azimuthal direction if gratings are fabricated on the sidewall of the waveguide. On the contrary, in order to obtain radially polarized light beam, gratings should be placed on top of waveguide to scatter electric field with radial polarization.
To obtain OAM beam with radial polarization, the schematic of our proposed emitter is shown in Fig. 2(a) . There are one ring cavity and one bus waveguide. Both the ring and the bus waveguide are shallow-ridge waveguides. As shown in Fig. 2(b) , there are some holes on top of the ring waveguide that serve as the grating elements. All holes are identical and equidistantly distributed along the ring. The hole depth is considered as same as the ridge height of the waveguide. The radius of each hole and the grating constant are denoted as r and d , respectively. The reason of adopting shallow-ridge waveguide is that the propagation loss can be rather low (0.278 dB/cm, [26] ). Furthermore, the waveguide and the gratings can be etched at the same time since the hole depth is equal to the ridge height of the waveguide. Thus, such design is convenient for fabrication. The radius of the ring is set as R ¼ 49 m which is the minimum value to assure a low bending loss ($0.1 dB/cm [27] ). The gap between the ring waveguide and the bus waveguide would be meticulously designed to achieve critical coupling. Fig. 2(c) is the schematic of the shallow-ridge waveguide. The waveguide has a width of W ¼ 750 nm, a slab region thickness of H r ¼ 170 nm, and a ridge thickness of H ¼ 220 nm which is corresponding to the thickness of the top silicon layer of a Silicon-on-Insulator (SOI) wafer. These conditions could assure the single mode operation within wavelength range around1550 nm for the shallow-ridge waveguide [27] . The effective index ðn eff Þ of the shallow-ridge waveguide is 2.72, which is calculated by the finite element method (FEM).
According to the result in [16] , the order of radiated OAM beam ðlÞ satisfies
where p is the WGM order in the ring, q is the number of grating elements around the resonator, and g is the diffraction order which is an integer and could be calculated as:
For the ring radius of 49 m, at the resonance wavelength of 1550 nm, the WGM order p is 540, thus the number of grating elements q can be chosen as 540=t ðt ¼ 1; 2; 3 . . .Þ to make sure that the l ¼ 0 (corresponding to plane-wave), so the maximum value of q is 540. Then g is an integer between 0:63t and 1:37t with n eff ¼ 2:72 according to Eq. (2). Thus, g is related to q and the impact of g factor will be discussed in the following session. It should be mentioned that the operating wavelength could be arbitrary with a proper radius of microring. For a fabricated device, q will remain the same while p can be changed by tuning the operation wavelength according to cavity resonances. For C-band (1530-1565 nm), l ¼ À4 $ 4 is considered and the relation of operating wavelength versus p and l is shown in Table 1 . Here q ¼ 540 is taken and the g factor is calculated as g ¼ 1.
Simulations and Results
In order to verify the performance of our proposed OAM beam emitter, some numerical simulations have been carried on. The most straightforward way is utilizing 3D-FDTD simulation. However, the time and space complexity would significantly increase as the radius of the ring increases. According to our experience, the 3D-FDTD simulation is almost unrealizable when the radius of the microring is more than 30 m due to limitations in computational resources. In [24] , a theoretical model based on a simple dipole representation of grating scattering has been proposed to derive the near-and far-zone emission characteristics of the azimuthally distributed grating-based OAM beam emitters. And the calculations using this model agree well with the experimental results in previous work [16] . This model is also adopted to calculate the far-field intensity profile of the microdisk laser emission [28] . Thus, we also employ the dipole model instead of 3D-FDTD calculation to simulate our proposed OAM beam emitter. In [24] , azimuthal polarized dipole radiation is applied since grating elements are on the sidewall of the ring waveguide and scattered light is mainly azimuthally polarized. Different from that, the radially polarized dipole is adopted in our calculation since the gratings on top of the waveguide would mainly scatter the radially polarized electric field.
The model is established in a cylindrical coordinate ð; '; zÞ, where and z are the polar radius and distance from ring plane. All dipoles are assumed with a time dependent term of e Àj!t , and they are located uniformly along the resonator circumference with ¼ R on the emitter plane ðz ¼ 0Þ, as illustrated in Fig. 2(a) .
For an arbitrary observation point denoted as Q ð; '; zÞ located in the upper hemisphere [z 9 0, see Fig. 2(a) ], the field results from the interference of the radiation of all dipoles could be expressed as:
where ¼ 2=, is the vacuum wavelength, r m is the distance between Q and the mth dipole point S m ðR; ' m ; 0Þ, P m is the intensity of mth dipole, andr m is the unit vector in the direction of S m Q, pointing from S m . Since q ¼ 540=t , q is firstly considered as maximum value 540 ðt ¼ 1Þ which is equal to WGM order at the operating wavelength ð ¼ 1550 nmÞ and the intensity of all the dipoles are considered as equal. According to Eqs. (1) and (2), the diffraction order g and WGM order of the microring p could be calculated as g ¼ 1 and p ¼ q þ l so that the phase difference of adjacent dipoles will be 2l=q and the phase of the mth dipole will be 2nðm À 1Þ=q when the phase of the first dipole is set as 0. Thus different orders of OAM beam could be generated by tuning the phases of dipoles in this model (which is equivalent of switching WGM order p). Fig. 3 shows the calculated transversal phase distributions of the far-field of OAM orders varied from 0 to 3. Here, is selected according to l, as shown in Table 1 .
In Fig. 3 , the amplitude of each dipole radiation is considered as identical. However, for a practical device, each grating element would introduce attenuation during the light propagation. If the energy radiation efficiency of each grating (denoted as ) is taken into account, due to the scattering of gratings, the intensity of mth grating element should be:
The operating wavelength versus the number of grating elements p and the order of radiated OAM beam l where P 0 is the intensity of the first grating element. The intensity of each dipole radiation is not identical any more so that the generated OAM beam would be deteriorated. As a concrete example, the azimuthal components of far-field intensity distribution with ¼ 0 and ¼ 0:01 ðl ¼ À2Þ are calculated and shown in Fig. 4 .
It can be seen that the far-field intensity varies with ' for the same in Fig. 4 (b) while it is constant in Fig. 4(a) . It indicates that the OAM beam deforms with nonzero . To investigate the impact of on the quality of OAM beam, here we introduce a parameter C p to represent the OAM order purity. To calculate the OAM purity of the emitted beam, the different orders of OAM beams calculated by dipole model with the maximum value of the number of grating elements ðq ¼ 540Þ and ¼ 0 are considered as a set of basis and the corresponding electric field is denoted as E l ð'; Þ with order l, where both the radial and the azimuthal components are included in E l . The OAM order purity C p is defined as the overlap of the calculated electric field of OAM beam and the electric field of the basis which could be calculated as:
where E ð'; Þ is the electric field of OAM beam calculated with a given . Our defined OAM order purity has the similar physical meaning to that in [29] , where the helical LG modes form a complete set of basis. Additionally, it should be mentioned that the integration is calculated along the spherical surface since the propagation phase front is spherical. For a practical device, only part of the radiation can be collected by the detecting system so that the half-angle of the maximum cone of light that can enter or exit the lens should be considered. According to the N.A. of $0.9 which is at most for air medium, the half-angle is calculated as $ 60 . Thus, ¼ 0 $ 60 and ' ¼ 0 $ 360 is considered in our calculation. The overlap between the OAM beam basis E l ð'; Þ with l ¼ À4 $ 4 are calculated. C p ¼ 1 for OAM beams with same l and C p G 1e À 3 for OAM beams with different l, which are proved that the selected OAM beam basis are orthogonal to each other.
Besides the order purity, the total radiation efficiency (denoted as all ) of the OAM beam emitter is also an important characteristic for OAM beam emitter. For the ring cavity, all could be calculated as:
here is the propagation loss of the waveguide between two adjacent grating elements. The detail of the deduction is shown in appendix. For designing the OAM beam emitter, our goal is to achieve both high order purity and high total radiation efficiency, and they have different relation to the structural parameters especially with q and . So we calculate the variations of order purity and total radiation efficiency versus different q and . In our calculation, q is set as 540=t , t ¼ 1 $ 6, while is set as 0.001 $ 0.05. Fig. 5 shows the results of the purity C p and the total efficiency all of the emitted OAM beam versus varied q and with l ¼ À2 (here p ¼ 538). all is linearly increased with q or as seen in Fig. 5(a) . In Fig. 5(b) , it can be seen that the OAM order purity of q ¼ 270 is higher than the others for the same . The reason is different for the cases of q 9 270 and q G 270. Considering the condition of ¼ 0:01, according to Eq. (4), when q ¼ 540, the intensity of the 270-th and 540-th dipole are G 26% ($ À5.8 dB) and G 7% ($ À11.5 dB) of that of the first dipole, respectively. It indicates that the intensity of different dipoles would be more unbalanced for case of q ¼ 540. That is to say that the deformation introduced by grating scattering is small for case of q ¼ 270. And for other value of , the conclusion is similar so that C p of q ¼ 270 is higher than that of q ¼ 540. When q is less than 270, higher order OAM will also be generated since g could be more than one value. According to Eq. (2), when q is smaller, more values of g could be possible. For q ¼ 270, the calculated value of g is a single value of 2, corresponding l ¼ À2, but for q ¼ 180, there are two possible values (g ¼ 2 or 3) so that l could be À2 or 178. Thus C p of q ¼ 270 is higher than q G 270. As above discussions, maximum C p could be achieved with q ¼ 270. By considering both the OAM purity and total radiation efficiency, q ¼ 270 and ¼ 0:005 are chosen to achieve C p ¼ $98% and all ¼ $49%. It should be mentioned that only the radiation of upper half-space is considered here so that the maximum value of all is 50% in theory. That is to say that our optimized all ¼ 49% is very close to the theoretical upper-limit. For q ¼ 270 and ¼ 0:005, the intensity distribution and the phase distribution of electric field are also given in Fig. 6 for l ¼ À4, À2, 2, 4. After q and are chosen, the structural parameters of OAM beam emitter could be determined in succession. The relation between the radiation efficiency of each grating element ðÞ and the radius of the grating element ðr Þ is calculated by 3D-FDTD method and shown in Fig. 7 . Corresponding to ¼ 0:005, the radius is chosen as r ¼ 50 nm (the point is marked in red). Taking the value of q ¼ 270, ¼ 0:005 and attenuation coefficient of P l ¼ 1 dB/cm (both propagation and bending loss are considered), the cross-coupling coefficient is about 0.87 to achieve the critical coupling condition. Fig. 8 shows the energy ratio between the radially and azimuthally polarized components denoted as W =W ' of the designed OAM beam emitter (q ¼ 270 and r ¼ 50 nm) and C p for l ¼ À4 $ 4. Here two planes above the emitter of z ¼ 5 m ðz $ Þ and z ¼ 12:5 mm ðz 9 2D 2 =; D ¼ 2RÞ are considered to present the electric field distribution of near-field and far-field. As shown in Fig. 8 , the energy ratio W =W ' for z ¼ 5 m and z ¼ 12:5 mm are calculated as 26 dB ðl ¼ AE4Þ $ 30 dBðl ¼ 0Þ and 11 dB ðl ¼ AE4Þ $ 27 dBðl ¼ 0Þ, respectively. When l ¼ 0, the energy ratio is more than 27 dB for both near-field and far-field. Although the energy ratio W =W ' would be deteriorated along with the distance of light beam propagation, the energy of radially polarized component is still 11 dB higher than that of azimuthal one. According to these results, we believe that the radially polarized OAM beam can be generated by the proposed OAM beam emitter and the OAM order purity C p could be $0.98 for l ¼ À4 $ 4. 
Conclusion
A radially polarized OAM beam emitter is proposed on shallow-ridge silicon microring. The number of grating elements q and the radiation efficiency of single grating element , which are two key structural parameters, are optimized by considering the OAM order purity C p of OAM beam and the total radiation efficiency all of the device. According to the calculations, C p ¼ $98%, all ¼ $49% are achieved by simulations with q ¼ 270 and ¼ 0:005. The calculated energy ratio between the far-field radially and azimuthally polarized components is more than 11 dB for the proposed emitter. Here the radius of the microring is 49 m, the cross-coupling coefficient is about 0.87 and the radius of the grating element is 50 nm.
Appendix
For a ring cavity as shown in Fig. 9 , the transmission matrix could be expressed as: Here, F i represents the electric field intensity of corresponding position. t and are self-and crosscoupling coefficients and satisfy the relation
As the gap is designed to satisfy critical coupling, the relation between the field intensity F 4 and the input field intensity F 1 could be obtained as
Here, a represents the single-pass amplitude transmission, and a can be calculated by the radiation efficiency of single grating element ðÞ and the propagation loss ðÞ of the waveguide between two adjacent grating elements.
where P l is the sum of the propagation loss and bending loss; here, P l ¼ 1 dB/cm, considering the fabrication precision. If we let F 4 equal 1, the total radiation efficiency all of the OAM beam emitter could be calculated as
